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Abstract

For a model with private commodities, where consumer choice over �rms

is discrete, we prove that for any Pareto optimal allocation, there exists a

system of complete prices and lump sum transfers between consumers and

�rms that will support that Pareto optimal allocation as an equilibrium.

The form of complete prices required depends upon how each consumers

preferences change as any consumer �migrates� between �rms. The law of

one price must, in general, be violated to support Pareto optimal alloca-

tions. Selections from the set of Pareto optimal allocations are made to

prove the existence of an equilibrium.
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1. Introduction

Non-convexitie s are ubiquitous. The literature on general equ ilibrium has de-

velop ed techniques, in part, to avoid non-convexities. Among these techniques

include replicating an economy with a �nite number of consumers and commodi-

ties, considering a continuum of consumers, allowing for an in�nite number of

consumers and/or commodities and endow ing consumers with the ability to ran-

domise.

In this pap er we address existence of equ ilibrium for a class of general equ ilib-

rium models with non-convex ities and private commoditie s. The non-convexities

here are generated by discreteness in consumer choice. It is in the nature of some

commodities that they may only be purchased from one �rm although many �rms

may produce the commodity. The analogy with location choice is clear. Each �rm

may be thought of as occupying a di� erent location. An example is ski �elds1 and

another is restaurant meals. Neither of these commoditie s may be considered to

be in�nite ly divisible or even partly divisib le. You either sp end one day sk iing on

one mountain or another mountain . it is not possib le to ski at both ski �elds in

the same day.

The analogy with location choice can be taken much further. Hote lling has

a mode l that can be stylised as follow s: there exists a �linear city� with a con-

tinuum of consumers distributed uniformely on the interval [0; 1] : Each consumer

has unit demand. There are two �rms or stores which sell the same physical

commodity located at the extremes of the city; store 1 is at x = 0 and store 2

is at x = 1: Consumers can go to one or the other store . Hotelling assumes the

unit cost of each store is c. Hote lling addresses the question of the nature of de-

mand in the face of transportation costs. A positive model of strategic behaviour

between the two �rms is develop ed. Suppose that marginal cost of each store is

increasing in output. Suppose that the number of consumers is �n ite. Assume

that transportation costs are zero. This stylization of Hotelling's model coincides

with ours.

A slightly more elaborate example is as follow s: Consider a large country, say

Japan, look ing to sign a defence pact with one of two opposing world military

powers, say the United States and China. Japan has no army (let us suppose its

1See Barro and Romer (1987). Barro and Romer allow consumers to be �fractionated�
between �rms but disallow consumers to ski at more than one ski �eld.
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constitution does not allow its own nationals to participate in an armed force). It

must lease the professional military services of one country or another. Allo cating

more men and women to military service in the United States or China can only

be done at increasing marginal cost. If Japan sw itches pact partners then that

must change the shadow price of military services in both countries. Generally,

the shadow price of military services in both countries may di� er.

The question of when equilibria exist with discreteness of consumer choice

has been addressed in the lite rature on local public goods by Wooders (1989),

Greenberg (1983) and Manning (1993b) among many others. In each of these

models existence is proved for a class of models with local public goods. Con-

sumers may only consume local public goods produced by one region. Wood-

ers avoids the non-convexitie s generated by the discreteness in consumer location

choice by rep licating a model with a �nite number of consumers and commodities.

Greenberg avoids the non-convexities generated by the discreteness in consumer

location choice by considering a continuum of consumers. Manning addresses the

non-convex ities directly by considering a model with a �nite number of consumers

and commodities, indexing public commodities and personalized prices of public

commodities by the allocation of consumers among regions.

In th is pap er, private commodities and the price of private commodities are

indexed by the allocation of consumers among �rms.

Two candidate price spaces are considered . Each is asso ciated with a di� erent

characterisation of the commodity space.

In the �rst price space each consumer is charged the same price for each com-

modity, whatever his (her) choice of �rm or the choice of �rm of other consumers.

The second price space is characterised by each consumer be ing charged a price for

each commodity that varies as the consumers' �rm of choice varies. Further, the

price each consumer faces may vary as the �rm of choice of any other consumer

varies.

The class of commodities I introduce allow s for any form of congestion in pro-

duction or consumption . For instance, the utility I attain by eating at a restaurant

may be increased if my girlfriend has a meal with me in the same restaurant. On

the other hand the presence of my girlfriend in the restaurant may distract the

waiter and lower his productivity. In general, the identity of consumers is treated

as a local public good that anybody purchasing private commodities from the

same �rm can enjoy.

The model is presented in Section 2. An example of a model that illustrates

the importance of complete prices in supporting �rst best allo cations is presented
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in Section 3. First and Second Welfare theorems are presented in Section 4 and an

ex istence resu lt is presented in Section 5. All proofs are presented in an Appendix.

2. The Model

We consider an economy with M private commoditie s, I consumers, F �rms

and a Social Planner. The So cial Planner is assumed to know consumer pref-

erences and the production opportunities of each �rm . We use the convention

M = f1; : : : ;m; : : : ;Mg and similarly for I and F .

2.1. Consumers

There are two classe s of private commodities. The �rst class of commodities may

be purchased by any consumer from any number of �rms in any combination and

is denoted by M1where M1 = f1; : : : ;m1; : : : ;M1g. The second class of commodi-

ties may be purchased by any consumer but each consumer may only purchase

from one �rm and is denoted by M2where M2 = fM1 + 1; : : : ;m2; : : : ;Mg.
For each commodity m2 in M2 there is a correspondence Fm2 : F ! 2I where

Fm2 (f) \ Fm2

�
f

0
�
= ; for all f; f 0 in F , m2 in M2 and [FF

m2 (f) = I for all

m2 in M2. The correspondence Fm2 represents the assignment of consumers to

�rms for the consumption of commodity m2. Consumers may choose to purchase

each commodity in M2 from only one �rm but we also allow consumers to purchase

di�erent commodities from di�erent �rms. Therefore each function Fm2 may

di�er for each commodity in M2. An allocation of consumers consists of the

collection of functions (Fm2)M2
. Let the allocation of consumers be S where

S = ((Fm2 (f))F)M2
. The pro�le of consumers consuming from �rm f is Sf =

(Fm2 (f))M2
. The set of all such allocations is Z .

Each consumer i has a consumption set over the space of commoditie s relative

to the allo cation S, X i
S where X i

S � RM . The consumption set over the space of

commodities and the allocations of consumers is X i � RM � Z . The preferences

of consumer i are represented by a complete preordering �iover X i.

The consumption of private commodities by consumer i under the allocation

S is xiS .
To keep the analysis simple consumers are on ly endowed with commoditie s

in M1. The endowment of consumer i is wi, where wi is in X i
S for all S. The

aggregate endowment is w. Each consumer i has a sharehold ing �if in �rm f .
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The follow ing notational convention will sometimes be adopted : the price

that each �rm charges for commodities indexed by m2 in M2 may di� er so the

commodity space will sometimes be expanded to RM1+M2F . In this case the

consumption vector of consumer i relative to the allocation S is axiS where

axiS = ((xim1

M1
); (0; : : : ; xiM1+1

S| {z }
fM1+1

th place

; : : : ; 0

| {z }
F

); : : : ; (0; : : : ; xiM2

S| {z }
fM2

th place

; : : : ; 0

| {z }
F

))

and where consumer i purchases any commodity m2 in M2 from �rm fm2
in

F . From the consumption sets of consumer i, X i
S and X i we may generate in the

expanded commodity space RM1+M2F the consumption sets AX i
S and AX i in the

obvious fashion .

2.2. Production

The set of production opportunities of �rm f in the space of commoditie s relative

to the pro�le of consumers of �rm f is Sf where Y f

Sf
� RM . Noth ing is lost by

writing Y f
S . The production set over the space of commodities and the allocation

of consumers is Y f � RM � Z . The net output of �rm f of commodities relative

to the allocation S is yfS .
Aggregate production opportunities in the space of commodities relative to

the allocation S are YS � RM . Aggregate production opportunities in the space

of commodities and the allocation of consumers is Y � RM � Z . The net output

of �rm f of commodities relative to the allocation S is yS :
The marginal rate of transformation between commodities in M1 is indep en-

dant of S.
The following notational convention will sometimes be adopted: in the ex-

panded commodity space RM1+M2F the net output vector of �rm f is ayfS where

ayfS = ((yfm1

M1
); (0; : : : ; yfM1+1

S| {z }
f th place

; : : : ; 0

| {z }
F

); : : : ; (0; : : : ; yfM2

S| {z }
f th place

; : : : ; 0

| {z }
F

)):
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From the production sets Y f
S ; Y

f ; YS and Y we may generate in the expanded

commodity space RM1+M2F the production sets AY f
S ; AY

f ; AYS and AY in the

obvious fashion .

2.3. Prices and Complete Prices

The price space, �, consists of a price for each commodity in M1, p
m1 , a �rm

speci�c price relative to the allocation of consumers S for each commodity, pm2f
S ,

a system of lump sum transfers between consumers relative to the allo cation of

consumers S, � iS , and a system of lump sum transfers between �rms re lative to

the allocation of consumers S, � fS . Let the price space be �, where

� =
n�
p; �C; �P

�
2 RM1+M2F �RI �RF j

�
p; �C ; �P

�
6= 0

o

Let the price of every commodity relative to the allocation of consumers S

be pS where pS =
�
fpm1gM1

;
n
pm2f
S

o
M2F

�
. In addition let �CS be the lump sum

payments of all consumers where �CS = (� iS)I and �PS and the lump sum payments

of all �rms where �PS =
�
� fS
�
F
. Of course ,

P
I �

i
S �

P
F �

f
S = 0 for every S.

Prices are complete if the price of all commodities in M2 and all lump sum

payments may adjust as any consumer changes the �rms from whom he (she)

purchases commodities. Price s are uniform if no commodity price or lump sum

payments change as any consumer changes the �rms from whom he (she) purchases

commodities and if the price each �rm charges for all commoditie s in M2 is the

same. A uniform price system is denoted by p� in �.

2.4. Feasib ility

An allocation
�
(x�iS�)I ;

�
y�fS�

�
F

�
is a quasi-equ ilibrium relative to a complete price

system (p�S)Z with lump sum transfers
�
� �CS

�
Z

and
�
� �PS

�
Z

if and only if

(1) for every f and for all yfS in Y f
S , p�S�ay

�f
S� + � �fS� � p�Say

f
S + � �fS ,

(2) for all i, if xiS �
i x�iS� then p�Sax

i
S + ��iS � p�S�ax�iS� + � �iS� ,

(3) y�S� + w = x�S� .

A quasi-equ ilibrium relative to a uniform price system p� is de�ned as above.

The allocation
�
(x�iS�)I ;

�
y�fS�

�
F

�
is an equilibrium relative to a complete price sys-
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tem (p�S)Z with lump sum transfers
�
� �CS

�
Z
and

�
� �PS

�
Z
if and only if (1), (2 0) and

(3) hold where (2 0 ) is

(2 0) for all i, if xiS �
i x�iS� then p�Sax

i
S + � �iS > p�S�ax�iS� + � �iS� .

2.5. Pareto Optimality

Given the preferences of consumer i the better than, worse than and stric tly better

than sets relative to the allocation of consumers S are de�ned as follow s:

Ri
S (xS0) =

n
zS 2 X i

S j zS �
i xS0

o
; LiS (xS0) =

n
zS 2 X i

S j xS0 �i zS
o

and P i
S (xS0) = fzS 2 X i

S j zS �
i xS0g

An allocation
�
(x�iS�)I ;

�
y�fS�

�
F

�
is Pareto optimal if it is feasib le and condition

(3) holds.

(3) if there exists an allocation
�
(x0iS0)I ;

�
y0fS0

�
F

�
such that for all i, x0iS0 �i x�iS�

and for some i, x0iS0 �i x�iS� then
�
(x0iS0)I ;

�
y0fS0

�
F

�
cannot be feasible.

3. Example

In Example 3.1 supp orting prices are found for a Pareto optimal allocation in

a mode l with two consumers. It is shown that �migration�, from one �rm to

another, will necessitate a change in the relative per unit prices faced by both

consumers.

Example 3.1 There are two consumers indexed by i in I = f1; 2g, two �rms

indexed by f in F = f1; 2g and two commodities, leisure denoted by l 2 R and

ski-runs denoted by r 2 R. The consumption vector of consumer i relative to the

allocation S is xiS = (liS; r
i
S).

Without loss of generality, consider the two allocations S1 and S2, resp ectively
asso ciated with both consumers purchasing from �rm 1 and consumer 1 purchasing

from �rm 1 and consumer 2 purchasing from �rm 2. Let Z = fS1;S2g. Each

consumer has a consumption set X i = R2
+ � Z .

The model is endowed with two units of leisure. The pre ference preordering

of consumer 1 is represented by U1 (l; r) = l + 2r and the preference preordering

of consumer 2 is represented by U2 (l; r) = l+1=2r when consumers ski apart and

U1 (l; r) = 3=2 (l + r) and U2 (l; r) = 3=4 (l + r) when consumers ski together.
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The aggregate production sets de�ned relative to the allocations S1 and S2,
YS1 and YS2 resp ectively, are generated by AYSk+w = fay 2 R3 j ay = (2; (1; 1))g

for k in f1; 2g. The allocation
�
x�1S2 ; x

�2
S2

�
= ((1; (1; 0)) ; (1; (0; 1))) is Pareto op-

timal. At the allocation
�
x�1S2; x

�2
S2

�
consumers enjoy utility of U1

�
x�1S2

�
= 3 and

U2
�
x�2S2

�
= 3=2. Therefore the set of commodity allocations that would leave

both consumers at least as well o� as at
�
x�1S2; x

�2
S2

�
is PS1 [ PS2 where

PS1 =
n
axS1 2 AXS1 j axS1 = (l; rS1; 0) ; l = l1 + l2; rS1 = r1S1 + r2S1 ; :

l1 + 2r1S1 � 3 and l2 + 1=2r2S1 � 3=2
o
;

PS2 =
n
axS2 2 AXS2 j axS2 =

�
l; r1S2 ; r

1

S2

�
; l = l1 + l2;

3=2
�
l1 + r1S2

�
� 3 and 3=4

�
l2 + r2S2

�
� 3=2

o
.

Pick leisure to be numeraire. Let the set of admissab le sep erating prices under

each partition , Sk, k in (1; 2), be �C
Sk
, where

�C
Sk

=
n�
pSk ; �

C
Sk
; �PSk

�
2 R7 j pSk =

�
1;
�
p1Sk ; p

2
Sk

��
6= 0

o
:

By insp ection

�C
S1

=
n�
pS1 ; �

C
S1
; �PS1

�
2 R7 j pS1 = (1; (1; 1)) ; �CS1 = (�1; 2) and �PS1 = (0; 1=2)

o

and

�C
S2

=
n�
pS2 ; �

C
S2
; �PS2

�
2 R7 j pS1 = (1; (2; 1=2)) ; �CS1 = (0; 0) and �PS1 = (0; 0)

o
:
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4. Welfare Theorem s

That any equilibrium relative to a system of complete price s and lump sum trans-

fers is Pareto optimal is demonstrated for the class of economies that satisfy the

following assumptions in Theorem 1.

a.1 for every i and for every S, X i
S is convex,

a.2 for every i and for every S, if x1iS and x2iS are two points of X i
S and if t is

a real number in (0; 1) then x1iS �
i x2iS implie s tx1iS + (1� t)x2iS �

i x1iS .

Theorem 1. Under assumptions a.1 and a.2 if

�
(x�iS�)I ;

�
y�fS�

�
F

�
is an equilib -

rium relative to a system of complete prices (p�S)Z and lump sum transfers

�
�C�S

�
Z

and

�
�F�S

�
Z
, such that

P
I �

�i
S�

P
F �

�f
S = 0, for all S, then

�
(x�iS�)I ;

�
y�fS�

�
F

�
is

Pareto optimal.

That any Pareto optimal allocation
�
(x�iS�)I ;

�
y�fS�

�
F

�
may be implemented as

an equilibrium relative to a complete price system with lump sum transfers is

demonstrated for the class fo economies that satisfy assumptions a.1, a.2 and the

following assumptions, in Theorem 2.

a.3 for every i and for every S, Ri
S (x

�i
S�) and LiS (x

�i
S�) are closed in X i

S ,

a.4 for every i, wi
S 2 X i

S and 0 2 YS , for every S,
a.5 for every S, YS is convex.

Theorem 2. Under assumptions a.1 through a.5, if

�
(x�iS�)I ;

�
y�fS�

�
F

�
is

Pareto optimal there exists a price vector (p�S)Z and lump sum transfers

�
�C�S

�
Z

and

�
�F�S

�
Z
, where

P
I �

�i
S�

P
F �

�f
S = 0, for all S, � �iS� = 0 for all i and � �fS� = 0 for

all f , such that

�
(x�iS�)I ;

�
y�fS�

�
F
; (p�S)Z ;

�
�C�S

�
Z
;
�
�F�S

�
Z

�
is a quasi-equ ilibrium

relative to a complete price system with lump sum transfers.

Let A (Y ) be the asymptotic cone of Y , that is A (Y ) = f�y j y 2 Y for all� � 0g.

a.6 for every S, RS (x�S�) \ fA (YS) + wg = ;.

Theorem 3. Under assumptions a.1 through a.6, if

�
(x�iS�)I ;

�
y�fS�

�
F

�
is

Pareto optimal there exists a price vector (p�S)Z and lump sum transfers

�
�C�S

�
Z

and

�
�F�S

�
Z
, where

P
I �

�i
S = 0;

P
F �

�f
S = 0, for all S, � �iS� = 0 for al l i and

� �fS� = 0 for al l f and such that

�
(x�iS�)I ;

�
y�fS�

�
F
; (p�S)Z ;

�
�C�S

�
Z
;
�
�F�S

�
Z

�
is a

quasi-equ ilibrium relative to a complete price system with lump sum transfers.
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If, in addition, assumption a.7 holds we can constrain prices to a system of

uniform prices that is indep endant of the allo cation of consumers.

a.7 for every S, YS � YS� and RS (x�S�) � RS� (x�S�).

Theorem 4. Under assumptions a.1 through a.5 and a.7 , if

�
(x�iS�)I ;

�
y�fS�

�
F

�
is Pareto optimal there exists a price vector (p�S)Z and lump sum transfers

�
�C�S

�
Z

and

�
�F�S

�
Z
, where

P
I �

�i
S = 0;

P
F �

�f
S = 0, for all S, � �iS� = 0 for al l i and

� �fS� = 0 for all f and such that

�
(x�iS�)I ;

�
y�fS�

�
F
; (p�S)Z ;

�
�C�S

�
Z
;
�
�P�S

�
Z

�
is a

quasi-equ ilibrium relative to a complete price system relative to a uniform price

system .

Theorem 5. If

�
(x�iS�)I ;

�
y�fS�

�
F

�
is Pareto optimal then for every i where

there exists exiS in X i
S such that p�S exiS + � �iS < p�S�x�iS� + � �iS� for every S, where

(p�S)Z ; (�
�i
S )Z is established in Theorem 2, 3 or 4, then we have that if xiS �

i x�iS�

then p�S exiS + � �iS > p�S�x�iS� + ��iS� .

5. Existence of Equilibrium

An allocation
�
(x�iS�)I ;

�
y�fS�

�
F

�
is an equilibrium at complete prices (p�S)Z and

lump sum transfers

�
�C�S

�
Z

and
�
�P�S

�
Z
;where

P
I �

�i
S�

P
F �

�f
S = 0, for all S, if

and only if

(1) for every f and for all yfS in Y f
S , p�S�ay

�f
S� + � �fS� � p�Say

f
S + � �fS ,

(2) for all i, p�S�ax�iS� + � �iS� � p�S�wi +
P
F �

if
�
p�S�ay

�f
S� + ��fS�

�
and for all xiS

such that xiS �
i x�iS�; p�Sax

i
S + � �iS > p�S�ax�iS� + ��iS� ,

(3) y�S� + w = x�S� .

Generally the proof of ex istence for the model in Section 2 is di� cult. The

reasons are presented in Manning (1993a) and (1993b) in the context of a class of

models with local public goods. They are rep eated here, in part, for completeness.

Commodities are indexed by the allo cation with which they are associated . In

th is commodity space the pro jection of the net production set, �ZYS , into the

private good subspace is star convex re lative to the endowment point. Production

may never occur under more than one allocation . This generates discontinu ities

in the demand and supply correspondences as prices change. As prices change

consumers can change the �rm they purchase from. As a consumer �migrates�

his (her) demand correspondence for the output of the former �rm takes on the
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value zero. There fore the aggregate demand and supply correspondences under

the former allocation take on the value zero.

However a technique for avoid ing such discontinuities suggests itself. To prove

the existence of an Equilibrium at complete prices, given the Second Welfare

Theorem holds, it is su� cient to prove that for some Pareto optimal allo cation

(x�iS�)I ,

for every i; p�S�ax�iS� + � �iS� � p�S�wi +
X
F

�if
�
p�S�ay

�f
S� + � �fS�

�
:

The complete price system
�
(p�S)Z ; (�

�i
S )IZ ;

�
� �fS

�
FZ

�
is a selection from the

set of complete prices that support the Pareto optimal allocation (x�iS�)I is the

sense de�ned in Section 2.

If all Pareto optimal allocations are associated with one allocation , the dis-

continu ities asso ciated with the search for a Pareto optimal allo cation that satisfy

(1) can be avoided .

a.8 all Pareto optimal allo cations are associated with one partition, S� say,

a.9 for every i, X i
S� is bounded below in �,

a.10 for every i, X i
S� is closed ,

a.11 for every i and for every x�iS� in X i
S� , there is an xiS� in X i

S� preferred to

x�iS� ,

a.12 the relative interiors of YS� + w and XS� have non-empty intersection,

a.13 YS� is closed ,

a.14 YS� \RM
+ = f0g.

Theorem 6. Under assumptions a.1 through a.3, a.6 through a.12 and the

cheaper point assumption of Theorem 5, there ex ists an allocation

�
(x�iS�)I ;

�
y�fS�

�
F

�
that is an equilibrium at complete prices (p�S)Z and lump sum transfe rs

�
�C�S

�
Z

and

�
�P�S

�
Z
;where

P
I �

�i
S�

P
F �

�f
S = 0, for al l S, � �iS = 0 for all i and ��fS = 0

for all f:

Theorem 7. Under assumptions a.1 through a.4, a.6 through a.12 and the

cheaper point assumption of Theorem 5, there ex ists an allocation

�
(x�iS�)I ;

�
y�fS�

�
F

�
that is an equilibrium at complete prices (p�S)Z and lump sum transfe rs

�
�C�S

�
Z

and

�
�P�S

�
Z
;where

P
I �

�i
S = 0;

P
F �

�f
S = 0, for al l S, ��iS = 0 for all i and � �fS = 0

for all f:

11



Theorem 8. Under assumptions a.1 through a.4, a.6 through a.13 and the

cheaper point assumption of Theorem 5, there ex ists an allocation

�
(x�iS�)I ;

�
y�fS�

�
F

�
that is an equilibrium at a uniform price p�.

6. The Core

A coalition is denoted by C � I . For each commodity there is a function Fm2

C :
F ! 2C where Fm2

C (f)\Fm2

C (f 0) = ; for all f; f 0 in F , m2 in M2 and [FF
m2

C (f) =
C for all m2 in M2. F

m2

C (f) represents the members of coalition C that purchase

commodity m2 form �rm f . An allocation of consumers in coalition C consists

of the collection of functions (Fm2

C )M2
. The pro�le of consumers in coalition C

consuming from �rm f is SfC = (Fm2

C (f))M2
. Denote the allocation of consumers

in coalition C by SC where SfC = ((Fm2

C (f))F )M2
. The set of all such allocations

is ZC .
Each consumer i has a consumption set over the space of commoditie s relative

to the allocation SC, X
i
SC

where X i
SC
� RM : The consumption set over the space

of commodities and the allocations of consumers is X i
C � RM � ZC . Preferences

for each consumer i are represented by a complete preordering �iover X i
C for all

C.
The consumption vector of consumer i as a member of the coalition C is de-

noted xiSC in X i
SC
.

The production opportunities of �rm f in a coalition C re lative to the pro�le

SfC are Y f

S
f

C

where Y f

S
f

C

� RM . Nothing is lost by writing Y f
S
C

. The production set

over the space of commodities and the allocation of consumers is Y f
C � RM �ZC .

An element of Y f
S
C

is denoted by yfS
C

.

An allocation
��
x�iS�

C

�
C
;
�
y�fS�

C

�
F

�
is C-feasib le if

(1) for all i in C, x�iS�

C

2 X i
C and for all f , y�fS�

C

2 Y f
SC
.

(2) y�S�

C

+
P
C w

i = x�S�

C

.

An allocation
��
x�iS�

C

�
C
;
�
y�fS�

C

�
F

�
is blocked by a coalition C 6= ; if there ex ists

a C-feasible allocation

��
x0iS0

C

�
C
;
�
y0f
S0

C

�
F

�
such that

(3) x0iS0

C

�i x�iS�

C

for all i in C and x0iS0

C

�i x�iS�

C

for some i in C.

An allocation is in the core if it cannot be blocked .

12



a.15 for every C and i, X i
SC

is convex for all SC,
a.16 for every C and i and every xiSC in X i

SC
there is a commodity bundle x0iS0

C

such that x0iS0

C

�i xiS
C

, for all SC.

a.17 for any C and i, let x0iS
C

and xiS
C

be arb itrary di� erent commodity bundles

in X i
S
C

with x0iS
C

�i xiS
C

, and let � 2 (0; 1). We assume that �x0iS
C

+ (1� �)xiS
C

�i

xiS
C

, for all SC .

a.18 for every C and f , Y f
S� and Y f

SC
, for all SC, are convex cones with vertex

at the origin .

a.19 for every C and f , Y f
SC
� Y f

S� for all SC.

Assumption 19 says that any blo cking coalition C cannot produce some vector

of private goods that the grand coalition cannot.

Theorem 9. Under assumptions a.15 through a.19

��
x�iS�

�
I
;
�
y�fS�

�
F
; (p�S)Z ;�

�C�S
�
Z
;
�
�P�S

�
Z

�
is an equilibrium at complete prices (p�S)Z and lump sum trans-

fers

�
�C�S

�
Z

and

�
�P�S

�
Z
, where ��iS� = 0 for al l i and � �fS� = 0 for all f , then��

x�iS�

�
I
;
�
y�fS�

�
F

�
is in the core.

From Theorem 9 follow s the First Welfare Theorem for the class of mode ls

that exhibit constant returns to scale.

7. Discussion

Complete prices are manipulab le when the number of agents is small. Avoiding

manipulation requires assuming that the Social Planner know the preferences of

consumers and the production opportunities op en to �rms. If the Social Planner

is not perfectly informed about consumer preferences or the production opportu-

nities of �rms then it is an op en question what mechanism would allow the Social

Planner to avoid the manipulation .

The results in th is pap er indicate important lim itations to standard techniques

for evaluating the bene�ts (costs) of the class of commodities with the noncon-

vexitie s describ ed . Since complete prices are required for the evaluation of many

private pro jects and complete prices often do not, in reality, exist the correct com-

plete (�shadow �) prices must be constructed . We have shown that in constructing

these complete prices for some private good supplied by some �rm information

about the allocation of consumers among �rms and the output of other �rms

13



may need to be incorporated . Theorem 3 and Theorem 4 indicate that, under

restrictive conditions, these informational requ irements can be re laxed.

8. Appendix

Let RS ((x�iS�)I) =
P
I R

i
S (x

�i
S�). Let

AY f
S =

���
yfm1

�
M1

;
�
0; : : : ; yfM1+1

S ; : : : ; 0
�
; : : : ;

�
0; : : : ; yfM2

S ; : : : ; 0
��

2 RM1+M2F j
��
yfm1

S

�
M1

;
�
yfm2

S

�
M2

�
2 Y f

S

�
.

The aggregate production set AYS =
P
F AY

f
S . Let:

ARi
S (x

�i
S�) =

���
xfm1

�
M1

;
�
0; : : : ; xiM1+1

S ; : : : ; 0
�
; : : : ;

�
0; : : : ; xiM2

S ; : : : ; 0
��

2 RM1+M2F j xiS 2 X i
S and xiS �

i x�iS� for all S
o
.

Let:

AP i
S (x

�i
S�) =

n�
(xim1)M1

;
�
0; : : : ; xiM1+1

S ; : : : ; 0
�
; : : : ;

�
0; : : : ; xiM2

S ; : : : ; 0
��

2 RM1+M2F j xiS 2 X i
S and xiS �

i x�iS� for all S
o
.

Often ARi
S (x

�i
S�) will be written ARi

S and AP i
S (x

�i
S�) will be written AP i

S for

short. Let Gi
S = AP i

S (x
�i
S�) +

P
IniAR

i
S (x

�i
S�)�

P
F AY

f
S .

Proof of Theorem 1: Let
��
x�iS�

�
I
;
�
y�fS�

�
F

�
be an equilibrium re lative to a

system of complete prices (p�S)Z and lump sum transfers
�
�C�S

�
Z

and

�
�F�S

�
Z
.

Suppose that
��
x�iS�

�
I
;
�
y�fS�

�
F

�
is not Pareto optimal. Then there exists a feasib le

allocation
��
x0iS0

�
I
;
�
y0fS0

�
F

�
such that x0iS0 �i x�iS� for some i and x0iS0 �i x�iS� for all i.

There fore
P
I (pS0ax0iS0 + � �iS0) >

P
I (p

�
S�ax�iS� + � �iS�). It follow s immediately thatP

F

�
p�S0ay

f
S0 + ��fS0

�
>
P
F

�
p�S�ay

�f
S� + � �fS�

�
contradicting pro�t maximisation.k

Proof of Theorem 2: Since the state
��
x�iS�

�
I
;
�
y�fS�

�
F

�
is Pareto optimal, w

does not belong to Gi
S , for every S. If follow s from 1,2 and 3 that the sets AP i

S

and ARi
S are convex for every S. Hence Gi

S is convex as the sum of convex sets

for every S. Thus, by Minkowski's theorem , there is a hyperplane HS through

wS , bounding for Gi
S , for every S i.e . there is a pS in RM1+M2F di�erent from 0

such that pSbS � w for every bS in Gi
S and every S.
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The set GS is contained in the adherence of Gi
S and hence in the closed half-

space above the hyperplane HS , for every S. Since the point w belongs to GS�

it minim ises pS�bS� on GS� . It follow s from w =
P

I ax
�i
S� �

P
F ay

�f
S� that ax�iS�

that minim ises pS�bS� on ARi
S� for every i and ay�fS� maximises pS�bS� on AY f

S� for

every f .
We may write pS�ax�S� = pS�ay�S� +pS�w and pSaxS � pSayS +pSw ; for every

S 6= S�. There exists an rS such that pSaxS � rS � pSayS + pSw for every S.
To show that pSax

i
S+� iS � pS�ax�iS�+� iS� and pSay

f
S+� fS � pS�ay�fS�+� 0fS� note

that the net payments (� iS)I and
�
� fS
�
F

may be of any sign. Therefore condition

(1) and (2) of an equilibrium relative to a complete price system with lump sum

transfe rs is satis�ed .

Condition (3) of an equilibrium re lative to a complete price system with lump

sum transfers is immediate by the de�nition of Pareto optimality. k

Proof of Theorem 3: Since RS \ fA (YS) + wg = ; for every S, it is possib le

to pick prices such that total pro�t is zero under each allo cation. In th is case we

can let rS = pSw for every S and the Theorem follow s. k

Proof of Theorem 4: If assumption 6 holds there exists a common hyperp lane

through w, bounding for Gi
S , for every S. k

Proof of Theorem 5: To prove the theorem it is su� cient to show that if x2iS in

X i
S satis�es p�iS ax

2i
S + � �iS = p�iS�ax�iS� + � �iS� then x1iS� �i x2iS . Consider any point xiS

of the segment [x1iS ; x
2i
S ). Clearly, p�iS ax

i
S + � �iS < p�iS�ax�iS� + � �iS� , hence, by (b) of

Theorem 2, x�iS� �i xiS . Therefore x2iS is adherent to the set fxiS 2 X i
S j x

�i
S� �i xiSg.

As the latter is closed by continuity it owns x2iS .k

Proof of Theorem 6: Under 1 through 4 the Pareto optimal allocation ((ax�iS�)I ;�
ay�fS�

�
F

�
has a supporting price. By assumption the value of each consumers en-

dowment of the private good is invariant to the allocation with which his (her)

residence is assoc iated .

By 7 any Pareto optimal allocation is associated with a unique allo cation S�.
There fore, to prove the existence of an equilibrium it is su� cient to prove the

ex istence of an equilibrium under the allocation S�.
Existence under the allo cation S� follow s as 1 through 4, 6 and 8 through 13

imply the assumptions used to prove existence by Debreu (1962). 8 implies a.1, 1

and 9 imply a.2, 10 implies b.1, 3 implies b.2, 2 implies b.3, 11 implies c.1, 4 and

12 imply d.1 and 13 implie s d.2. k

Proof of Theorem 7: Immediate. k
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Proof of Theorem 8: Immediate. k

Proof of Theorem 9: Suppose that
�
(x�iS�)I ;

�
y�fS�

�
F

�
can be blo cked by a coali-

tion C with an allocation
��
xiSC

�
I
;
�
yfSC

�
F

�
. By 18, p�S�ay

�f
S� � 0 for every f in F .

Notice that xiSC �
i x�iS� implies p�S�axiSC � p�S�wi for all i in C, by 15, 16 and 17 and

that xiSC �
i x�iS� implies p�S�axiSC > p�S�wi for some i in C. That

��
xiSC

�
I
;
�
yfSC

�
F

�
is C-feasib le implies

P
C

�
xiSC � wi

�
=
P
F y

f
SC

where yfSC 2 Y f
SC

for all f in F .

Since p�S�axiSC � p�S�wi for all i with strict inequality for one i then
P
C p

�
S�axiSC �P

C p
�
S�wi, for some i in C. That

��
xiSC

�
I
;
�
yfSC

�
F

�
is C-feasib le implie s

P
C

�
xiSC � wi

�
=
P

F y
f
SC

where yfSC 2 Y f
SC

for all f in F .

Since p�S�axiSC � p�S�wi for all i with strict inequality for one i then
P
C p

�
S�axiSC �P

C p
�
S�wi, or p�S�aySC > 0, a contrad ic tion by 18 and 19. k
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